
PUTNAM SEMINAR, OCTOBER 13, 2016

Problem 1. Let A and B be two n×n matrices
that commute and such that for some positive
integers p and q, Ap = In and Bq = 0n. Prove
that A + B is invertible, and find its inverse.

Problem 2. Prove that any integer can be writ-
ten as the sum of five perfect cubes.

Problem 3. Prove that for all real numbers x,

2x + 3x − 4x + 6x − 9x ≤ 1.

Problem 4. Find all positive integers
n, k1, . . . , kn such that k1 + · · ·+kn = 5n−4 and

1

k1
+ · · ·+ 1

kn
= 1.

Problem 5. Let a1, a2, . . . , an be distinct real
numbers. Find the maximum of

a1aσ(1) + a2aσ(2) + · · ·+ anaσ(n)

over all permutations of the set {1, 2, . . . , n}.

Problem 6. Let a, b, c be the side lengths of a
triangle with the property that for any positive
integer n, the numbers an, bn, cn can also be the
side lengths of a triangle. Prove that the triangle
is necessarily isosceles.

Problem 7. For positive numbers a, b, c prove
the inequality√

a2 − ab + b2+
√
b2 − bc + c2 ≥

√
a2 − ac + c2.

Problem 8. Prove that a necessary and suffi-
cient condition that a triangle inscribed in an
ellipse have maximum area is that its centroid
coincide with the center of the ellipse.

Problem 9. Let a, b, c be real numbers. Show
that a ≥ 0, b ≥ 0, and c ≥ 0 if and only if
a + b + c ≥ 0, ab + bc + ca ≥ 0, and abc ≥ 0.

Problem 10. Find all polynomials whose coef-
ficients are equal either to 1 or −1 and whose
zeros are all real.

Problem 11. There is a heap of 1001 stones on
a table. You are allowed to perform the following
operation: you choose one of the heaps contain-
ing more than one stone, throw away a stone
from the heap, then divide it into two smaller
(not necessarily equal) heaps. Is it possible to
reach a situation in which all the heaps on the
table contain exactly 3 stones by performing the
operation finitely many times?

Problem 12. The number 99 . . . 99 (having
1997 nines) is written on a blackboard. Each
minute, one number written on the blackboard
is factored into two factors and erased, each fac-
tor is (independently) increased or decreased by
2, and the resulting two numbers are written. Is
it possible that at some point all of the numbers
on the blackboard are equal to 9?


