
PUTNAM SEMINAR, AUGUST 29 2019: THE INVARIANCE PRINCIPLE

Today’s strategy is to search for invariants: if there is repetition, look for what does not change.

Problem 1. A circle is divided into six sectors. Then the numbers 1, 0, 1, 0, 0, 0 are written into
the sectors (say, counterclockwise). You may increase two neighboring numbers by 1. Is it possible
to equalize all numbers by a sequence of such steps?

Problem 2. Suppose n is an odd positive integer. The numbers 1, 2, 3, . . . , 2n are written on
the blackboard. We can pick any two numbers a and b, erase them, and replace them by |a − b|.
Prove that an odd number will remain at the end.

Problem 3. Each of the numbers 1, 2, · · · , 106 is replaced by the sum of its digits. This process
is repeated until we reach 106 one-digit numbers. Will there be more 1’s or 2’s?

Problem 4. Assume an 8 × 8 chessboard with the usual coloring. You can choose a row or
column, and flip the colors of all the squares. Is it possible to achieve a configuration with only
one black square?

Problem 5. Start with the positive integers 1, 2, . . . , 4n− 1. In one move you may replace any
two integers by their difference. Prove that an even integer will be left after 4n− 2 steps.

Problem 6. In the parliament of Sikinia, each member has at most three enemies. Prove that
the parliament can be separated into two houses, so that each member has at most one enemy in
their own house.

Problem 7. 2n ambassadors are invited to a banquet. Every ambassador has at most n − 1
enemies. Prove that the ambassadors can be seated around a round table, so that nobody sits next
to an enemy.

Problem 8. There is a positive integer in each square of a rectangular table. In each move, you
may double each number in a row or subtract 1 from each number of a column. Prove that you
can reach a table of zeros by a sequence of these permitted moves.

Problem 9. There are w white, b black, and r red chips on a table. In one step, you may choose
two chips of different colors and replace them by a chip of the third color.

(a) If just one chip will remain at the end, show that its color will not depend on the evolution of
the game. When can this final state be reached?

(b) Find conditions for all chips to become of the same color.

Problem 10. There is an integer in each square of an 8× 8 chessboard. In one move, you may
choose any 4 × 4 or 3 × 3 square and add 1 to each integer of the chosen square. Can you always
get a table with each entry divisible by (a) 2, (b) 3?
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Problem 11. The integers x1, x2, . . . , x5 are each assigned to a vertex of a pentagon, and they
satisfy that their sum is positive. If x, y and z are the numbers assigned to three consecutive
vertices and y < 0, we replace (x, y, z) by (x + y,−y, y + z). This step is repeated for as long as
there is a negative number present. Decide if the algorithm always stops.

Problem 12. The integers 1, . . . 2n are arranged in any order on 2n places numbered 1, . . . , 2n.
Prove that among the 2n sums obtained by adding each integer to its place number, there are two
which have the same remainder mod 2n.

Problem 13. We strike the first digit of the number 71996, and add it to the remaining number.
This is repeated until a number with 10 digits remains. Prove that this number has two equal
digits.

Problem 14. Suppose a convex 2m-gon has vertices A1, A2, . . . , A2m. In its interior we choose
a point P which does not lie on any diagonal. Show that P lies on an even number of triangles
with vertices among A1, A2, . . . , A2m.

Problem 15. Let n be an odd positive integer, and let a1, a2, . . . , an be a permutation of
1, 2, . . . , n. Prove that the product (a1 − 1)(a2 − 2) · · · (an − n) is even.

Problem 16. Nine 1× 1 cells of a 10× 10 square are infected. In one time unit, the cells with
at least two infected neighbors (having a common side) become infected. Can the infection spread
to the whole square?

Problem 17. A dragon has 100 heads. A knight can cut off 15, 17, 20, or 5 heads, respectively,
with one blow of his sword. In each of these cases, 24, 2, 14, or 17 new heads grow on its shoulders.
If all heads are blown off, the dragon dies. Can the dragon ever die?

Problem 18. Is it possible to arrange the integers 1, 1, 2, 2, 3, 3, . . . , 1998, 1998 in such a way
that there are exactly j − 1 other numbers between any two j’s?

Problem 19. The following operations are permitted with the quadratic polynomial ax2+bx+c:
(a) Switch a and c, (b) replace x by x + t where t is any real. By repeating these operations, can
you transform x2 − x− 2 into x2 − x− 1?

Problem 20. Seven vertices of a cube are marked by 0 and one by 1. You may repeatedly
select an edge and increase by 1 the numbers at the ends of that edge. Your goal is to reach (a) 8
equal numbers, (b) 8 numbers divisible by 3. Can the goal be achieved?

Problem 21. Many handshakes are exchanged at a big international congress. We call a person
an odd person if they have exchanged an odd number of handshakes. Otherwise they will be called
an even person. Show that, at any moment, there is an even number of odd persons.
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