
PUTNAM SEMINAR, SEPTEMBER 5 2019: COLORING PROOFS

Today’s theme is problems that involve colorings. A coloring is a way of visualizing the partition
of a set into a finite number of subsets. The prototypical example is the following problem (its
solution appears at the end of the worksheet).

Sample Problem. Consider an 8 × 8 chessboard, and cut two diagonally opposite corners of
the board. In how many ways can you cover the 62 squares with dominoes?

Problem 1. A rectangular floor is covered by 2×2 and 1×4 tiles. One tile got smashed. There
is a tile of the other kind available. Show that the floor cannot be covered by rearranging the tiles.

Problem 2. Is it possible to form a rectangle with the five tetrominoes below?

Problem 3. The tetrominoes in the figure above are called, from left to right: straight tetromino,
T-tetromino, square tetromino, L-tetromino, and skew tetromino. Show that a 10 chessboard
cannot be covered by 25 T-tetrominoes.

Problem 4. Show that an 8 × 8 chessboard cannot be covered by 15 T-tetrominoes and one
square tetromino.

Problem 5. An a× b rectangle can be covered by 1× n rectangles if and only if n|a or n|b.

Problem 6. The figure below on the left shows five heavy boxes which can be displaced only by
rolling them about one of their edges. Their tops are labeled by the letter >. The figure below on
the right shows the same five boxes rolled into a new position. Which box n this row was originally
at the center of the cross?
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Problem 7. The figure below shows a road map connecting 14 cities. Is there a path passing
through each city exactly once?
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Problem 8. A beetle sits on each square of a 9× 9 chessboard. At a signal, each beetle crawls
diagonally onto a neighboring square. Then it may happen that several beetles will sit on some
squares and non on others. Find the minimal possible number of free squares.

Problem 9. Every point of the plane is colored red or blue. Show that there exists a rectangle
with vertices of the same color. Generalize.

Problem 10. Show that there is no curve which intersects every segment in the figure below
exactly once.

Problem 11. All vertices of a convex pentagon are lattice points, and its sides have integral
lengths. Show that its perimeter is even.

Problem 12. You have many 1×1 squares and four colors. You need to color the edges of each
square with different colors and glue the squares together along edges of the same color. Your aim
is to get an m × n rectangle such that each side is painted with one color and the four sides are
painted with different colors. For which m and n is this possible?

Problem 13. You have many unit cubes and six colors. You can color each cube with 6 colors
and glue together faces of the same color. Your aim is to get a r × s × t box, each face having a
different color. For which r, s, t is this possible?

Problem 14. The Art Gallery Problem. An art gallery has the shape of a simple n-gon. Find
the minimum number of watchmen needed to survey the building, no matter how complicated its
shape. Note: Assume first that the watchmen are located on the vertices.

Problem 15. Three pucks A,B,C are in a plane. An ice hockey player hits the pucks so that
any one glides through the other two in a straight line. Can all pucks return to their original spots
after 1001 hits?

Problem 16. There is no closed knight’s tour on a (4× n) board.

Problem 17. The plane is colored with two colors. Prove that there exist three points of the
same color which are vertices of a regular triangle.

Problem 18. The positive integers are colored black and white. The sum of two differently
colored numbers is black, and their product is white. What is the product of two white numbers?
Find all such colorings.

Solution to Sample Problem. There is no way of doing that. The mutilated board has 30
squares of one color and 32 squares of the other color. If it could be covered by dominoes, it would
have the same number of squares of each color.
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