
PUTNAM SEMINAR, SEPTEMBER 12 2019: THE EXTREMAL PRINCIPLE

Today’s strategy is to look for appropriate extremal objects: those that maximize or minimize
some function. A common technique is to use extremality to show that an object must have some
desired property. The following problems can be solved using this technique (the solutions to the
sample problems appear at the end of the worksheet).

Sample Problem 1. Let Ω be a set of points in the plane. Each point in Ω is a midpoint of
two points in Ω. Show that Ω is an infinite set.

Sample Problem 2. 2n points are given in the plane, no three collinear. Exactly n of these
points are farms F = {F1, . . . , Fn}. The remaining n points are wells: W = {W1, . . . ,Wn}. It
is intended to build a straight line road from each farm to one well. Show that the wells can be
assigned bijectively to the farms, so that none of the roads intersect.

Problem 1. There are n points given in the plane. Any three of the points form a triangle of
area ≤ 1. Show that all n points lie in a triangle of area ≤ 4.

Problem 2. In a plane, n lines are given (n ≥ 3), no two of them parallel. Through every
intersection of two lines there passes at least an additional line. Prove that all lines pass through
one point.

Problem 3. If n points of the plane do not lie on the same line, then there exists a line passing
through exactly two points.

Problem 4. Start with several piles of chips. Two players move alternately. A move consists
in splitting every pile with more than one chip into two piles. The one who makes the last move
wins. For what initial conditions does the first player win and what is her winning strategy?

Problem 5. All plane sections of a solid are circles. Prove that the solid is a ball.

Problem 6. Every participant of a tournament plays with every other participant exactly once.
No game is a draw. After the tournament, every player makes a list with all the players that were
either (a) beaten by him or (b) beaten by some player beaten by him. Show that the list of some
player contains the names of all other players.

Problem 7. There are n identical cars on a circular track. Together they have jut enough gas
for one car to complete a lap. Show that there is a car which can complete a lap by collecting gas
form the other cars on its way around.

Problem 8. A cube cannot be divided into several pairwise distinct cubes.
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Problem 9. In space, several planets with unit radius are given. We mark on the surface of
each planet all those points from which none of the other planets are visible. Prove that the sum
of the areas of all marked points is equal to the surface of one planet.

Problem 10. In a plane, 1994 vectors are drawn. Two players alternately take a vector until
no vectors are left. The loser is the one whose vector sum has the smaller length. Can the first
player choose a strategy so that he does not lose?

Problem 11. Any convex polygon of area 1 is contained in a rectangle of area 2.

Problem 12. Consider a walk in the plane according to the following rules. From a given
point P = (x, y) we may move in one step to one of the four U = (x, y + 2x), D = (x, y − 2x),
L = (x − 2y, y), R = (x + 2y, y) with the restriction that we cannot retrace a step we just made.
Prove that, if we start from the point (1,

√
2), we cannot return to this point anymore.

Problem 13. Among any 15 coprime integers > 1 and ≤ 1992, there is at least one prime.

Problem 14. On a sphere, there are five disjoint and closed spherical caps, each less than one-
half of the surface of the sphere. Prove that there exist on the sphere two diametrically opposite
points, which are not covered by any cap.

Problem 15. Find all positive solutions of the system of equations

x1 + x2 = x23, x2 + x3 = x24, x3 + x4 = x25, x4 + x5 = x21, x5 + x1 = x22.

Problem 16. We choose n points on a circle and draw all chords joining these n points. Find
the number of parts into which the circular disk is cut.

Problem 17. A set S of persons has the following property: any two with the same number
of friends in S have no common friends in S. Prove that there is a person in S with exactly one
friend in S.

Problem 18. m chips are placed in the vertices of a convex n-gon (m > n). In one move,
two chips at a vertex are moved in opposite directions to neighboring vertices. Prove that, if the
original distribution is restored after some moves, then the number of moves is a multiple of n.

Solution to Sample Problem 1. Suppose Ω is finite and pick two points A,B with maximal
distance |AB|. Then B is a midpoint of some segment CD with C,D ∈ Ω. But then |AC| > |AB|
or |AD| > |AB|, a contradiction.

Solution to Sample Problem 2. Each bijection corresponds to a road system. Among the
n! road systems pick the one of minimal total length. Suppose this system has intersecting roads
FiWm and FjWn. Then replacing these roads with FjWm and FiWn produces a road system with
smaller total length.
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