
PUTNAM SEMINAR, SEPTEMBER 19 2019:

THE BOX (OR PIGEONHOLE) PRINCIPLE

Today’s strategy is the well-known box (or pigeonhole) principle: if n + 1 items are distributed
among n boxes, at least one box must contain more than one item. More generally, if kn+ 1 items
are distributed among n boxes, at least one box must contain at least k + 1 items.

Sample problem: Five points with integer coordinates are chosen on the plane. Prove that
you can always choose two of these points so that the segment joining them passes through another
point with integer coordinates. (The solution is at the end of the worksheet).

Problem 1. A line ` in the same plane as the triangle ABC passes through no vertex. Prove
that ` cannot cut all sides of the triangle.

Problem 2. Among nine points with integer coordinates in three-dimensional space, show that
there exist two such that the segment joining them contains another point with integer coordinates.

Problem 3. A target has the form of an equilateral triangle with side length 2. (a) If it is hit
5 times, prove that there are two holes with distance at most one. (b) What can you guarantee if
the target is hit 17 times?

Problem 4. There are n persons present in a room. Prove that among them there are two
persons who have the same number of acquaintances in the room.

Problem 5. If we choose n+ 1 numbers from {1, 2, 3, . . . , 2n}: (a) One of them will be divisible
by another. (b) Two of them will be coprime.

Problem 6. Let a1, a2, . . . , an be n not necessarily distinct integers. Then there always exists
a subset of these numbers with sum divisible by n.

Problem 7. The positive integers 1 to 101 are written down in any order. Prove that you can
strike 90 of these numbers, so that a monotonically increasing or decreasing sequence remains.

Problem 8. Consider the Fibonacci sequence defined by a1 = a2 = 1, an+1 = an + an−1 for
n > 1. Prove that, for any n, there is a Fibonacci number ending with n zeros.

Problem 9. Inside a room of area 5, you place 9 rugs, each of area 1 and an arbitrary shape.
Prove that there are two rugs which overlap by at least 1/9.

Problem 10. From ten distinct two-digit numbers, one can always choose two disjoint nonempty
subsets, so that their elements have the same sum.

Problem 11. Let k be a positive integer. Prove that from 2k − 1 positive integers, one can
select 2k−1 of them, such that their sum is divisible by 2k−1.

Problem 12. Each of ten segments is longer than 1cm but shorter than 55cm. Prove that you
can select three sides of a triangle among the segments.

Problem 13. In any convex 2n-gon, there is a diagonal not parallel to any side.
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Problem 14. Among six persons, there are always three who know each other or three who are
complete strangers.

Problem 15. Each of 17 scientists corresponds with all the others. They correspond about
only three topics and any two treat exactly one topic. Prove that there are at least three scientists,
who correspond with each other about the same subject.

Problem 16. Let a > 0. Prove that one of the numbers a, 2a, . . . , (n − 1)a is at distance at
most 1/n from a positive integer.

Problem 17. There are several circles of total length 10 inside a square of side 1. Show that
there exists a straight line which intersects at least four of these circles.

Problem 18. There are 650 points inside a circle of radius 16. Prove that there exists a ring
with inner radius 2 and outer radius 3 covering ten of these points.

Problem 19. Seven points are chosen on a closed disk of radius 1, in such a way that the
distance between each pair of points is at least 1. Prove that the center of the disk is one of the
seven points.

Problem 20. Thirty-three rooks are placed on an 8× 8 chessboard. Prove that you can choose
five of them which are not attacking each other.

Problem 21. Each point in the plane is colored either blue or red. Prove that there exists a
rectangle with vertices of the same color.

Problem 22. Let a1, a2, . . . , a100 and b1, b2, . . . , b100 be two permutations of the integers from
1 to 100. Prove that among the products a1b1, a2b2, . . . , a100b100 there are two with the same
remainder upon division by 100.

Problem 23. The length of each side of a convex quadrilateral ABCD is < 24. Let P be any
point inside ABCD. Prove that there exists a vertex whose distance to P is < 17.

Problem 24. The numbers from 1 to 81 are written on the squares of a 9 × 9 board. Prove
that there exist two neighbors which differ by at least 6.

Problem 25. A 20× 20× 20 cube is built of 1× 2× 2 bricks. Prove that one can pierce it with
a needle without damaging one of the bricks.

Problem 26. (a) Prove that there exist integers a, b, c no all zero, and each of absolute value
less than a million, such that

∣∣a+ b
√

2 + c
√

3
∣∣ < 10−11. (b) Let a, b, c be integers, not all zero and

each of absolute value less than one million. Prove that
∣∣a+ b

√
2 + c

√
3
∣∣ > 10−21.

Problem 27. An infinite chessboard consists of 1× 1 squares. A flea starts on a white square
and can jump either by α to the right or by β upwards, where α, β and α/β are irrational numbers.
Prove that at some point the flea will reach a black square.

Solution to sample problem: There are four possibilities for the parity pattern of a point
with integer coordinates: (even,even), (even,odd), (odd,even) and (odd,odd). Among the given five
points, two of them will have the same parity pattern, and therefore the midpoint of the segment
joining them will also be a point with integer coordinates.
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